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Introduction

* In this topic, we will

Define linear dependence and independence of a given vector v
on a collection of vectors

Determine how to check if a vector linearly depends on others
Define the rank of a matrix

Define a linearly dependent collection of vectors,
and a linearly independent collection of vectors

Determine how to check if a collection of vectors is linearly
dependent or independent

Consider a few results
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Definition

A vector u is said to be linearly dependent on a collection of
nvectors vy, ..., v, if u can be written as a linear combination
of the vectorsv,, ..., v

n

— Thatis, uis linearly dependent on v, ..., v, if the problem
ov,+--+a, v, =u
has at least one solution

If u is not linearly dependent on a collection of
nvectors vy, ..., v, we say u is linearly independent of v, ..., v,

— That s, the problem
av,+--+a, v, =u
has no solutions
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The zero vector

* Note that the vector 0,, is linearly dependent on any collection of
n m-dimensional vectors as
ov,+--+av, =0

m

always has at least one solution:
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Definition

Thus, saying that a vector u is linearly dependent on a collection
of vectors v, ..., v, is the same as saying that the system of
linear equations corresponding to

oV, +-+a, v, =u

has at least one solution

Similarly, saying that a vector u is linearly independent of a
collection of vectors v, ..., v, is the same as saying that the
system of linear equations corresponding to

oV, +---+a, v, =u

has no solution
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Dependence of vectors
Theorem

If u is a non-zero vector and u linearly depends on a
a collection of vectors vy, ..., v,, then there must be at
least one vector v, that linearly depends on

W, Vi, ooy Vi iy Vieps --o5 V,,

Proof:

If v, +---+¢a,v, =u and u is not the zero vector,
then the solution vector o cannot be the zero vector.

Thus, at least one entry ¢, # 0.
Thus, o, v, =u—a,v,—-—a, V, | — 0V, .,  — " —OQV
1 v K- K1 &

I _1 ® 0 0 mm— — —— — @ @ @ —
\ u-— V= Vi A
o o4 o o, o4




Dependence of vectors

For example, given

29
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Ln‘lear depEndence and 1ﬁaep€weﬂce of’qectq
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the corresponding system of linear
equations has one unique solution a =
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Definitions
Definition:

Recall that the rank of an augmented matrix (4:b) is the
number of non-zero rows any row-equivalent augmented
matrix that is in row-echelon form

Note that we can perform row operations on simply a matrix A
without the augmentation with a target vector b

Definition
The rank of a matrix A is the number of non-zero rows of
any row-equivalent matrix that is in row-echelon form

.
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Terminology

* For example, because

1 1.4 -9.6 5 7 3
A=| 5 7 -3 |~|0 O -9
-05 -0.7 3 0 O 0

thus, the rank(4) = 2

* For example, because

36 39 51 4.2 4 3 -1 0

P 24 —-09 37 64 N 0 3 2 3

4 3 —1 0 O 0 -5 3

2.8 09 27 3 0O O 0o 7
thus, the rank(B) = 4 Q ':
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Terminology

* Finally, because

2 4 —1 3 5 2 4 -1 3 5
cC=| 16 32 22 12 58|~(0 O 5 2
-0.6 -12 53 -29 1.5 0O O 0 0

thus, the rank(C) =2
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Approach to determining dependence

« Ifall you are asked “Is u linearly dependentonv,, ..., v,?”
then all you must do is check if

rank(V) = rank(Vfu)
where

V=(V1 v, Vn)
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Examples
(1, )
* For example, u=| u,
\H3 )
depends on
(1) (0 ) (0
V1:O ,V2_1 ,V3_O
V) V) 1)
because
(1 0 0 u )
(Viu)={0 1 0  u,
and rank( V') =3 =rank( Vi u) forallu %':
12 N
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Examples

* For example, u=| u,

depends on
/51\ Ca) /13\

v,=|0|,v,=|0, |,vy;=| ¥

N 0 J N 0 J \53 J
where 0, #0, 6, # 0 and o, # 0 because

/51 a p ul\
(Viu)=| 0 &, ¥ u,

and rank( V')=3 =rank( Vi u) forallu ﬂ
13
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Examples i
1)
* Forexample, u=|1
.
depends on (1) (4) e

v,=2 [,v,=|5 |,v,=]| 8

3 6 2
because (without partial pivoting):

(1 4 7:i1) (1 4 7 1)
(Viu)=|2 5 8 1 [~[0 -3 —6 -l

3 6 9 1) o o o o,

and rank( V') =2 =rank( Vi u) for thisu ﬂ
14

294>



For example, u=| 1

does not depends on

(1)

2

Ln‘lear depEndence and 1ﬁaep€weﬂce of’qectq

because (without partial pivoting):

(1
(Vfu): 2
\3

Examples
(1) (4 )
2 ,bv,=|5 |,vy,=
3 \6 )
4 7 1Y) (1
5 8 1|~|0
6 9 1) |0

-3
0

and rank( V') =2 #3 =rank( V' : u ) for this u

7
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For example, u =

does not depend on

because
(4.9
(Via)=|7
(2.8

and rank( V') =2 # 3 =rank( i u ) for this u

S Lmear dependence Ky lﬁa‘epemeeee oﬁc‘ectqr,s; /,vfl?j‘i} “‘
Examples
[ 4.35)
35
L 19
(4.9) (9 (—13.2)
v,=|7 |,v,=|10 [,v,=| -6
28) (s5) | -69,
9 -1321% 435) (7 10 -6 i 3.5)
10 -6 -35 0 2 -9 68
5 69 19 ) (0o o o0 -01,
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Definitions

Definition
A collection of vectors is linearly independent if no vector
depends on the other vectors in the collection.

— That s, no vector in collection set can be written as a linear
combination of the other vectors

Definition
A collection of vectors is linearly dependent if it is not
linearly independent.

— Thatis, there is a vector in the collection that can be written as a
linear combination of the other vectors

— That s, there is at least one vector in the collection that depends
on the others Q
17
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Collections with the zero vector

Definition
Note that the collection containing only the zero vector

is linearly dependent, because the zero vector is the
sum of no vectors:

— Recall that the sum of no numbers is equal to 0

* Consequently, a collection with only one non-zero vector v is
always guaranteed to be linearly independent
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Collections with the zero vector

Theorem

Any collection of n vectors vy, ..., v, of which one of them is
the zero vector is linearly dependent.

Proof:
Assume v, is the zero vector.
Thusv,=0v,+---+0v,, +0v,_,+ - +0v
Thus, one vector depends on the others.

n

Thus, the collection is linearly dependent. i
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Determining linear independence

Theorem

A collection of n vectors v, ..., v, is linearly independent if
and only if rank( ') = n where V =(v, v,---v,).

Proof:
Let us prove this by induction.

If n =1, then a single non-zero vector is linearly independent,
and a single zero vector is linearly dependent.

If V= (v,), then if v, is not the zero vector, rank(}V) =1 =n,
and if v, is the zero vector, rank(}) = 0 # n.

g
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Determining linear independence

Next, assume for an arbitrary n that a collection of n vectors
vy, ..., v, is linearly independent if and only if rank( V") = n.

Forn+1,ifv,, ..., v, are not linearly independent, then
adding another vector v, ,, into the collection cannot make
the collection linearly independent.

*lfvi=ovit T o Vit Vi T Ty,
thenv,=av, + -+ o Vi T Vi - v, 0V,
Also, as rank( V') <n, sorank( (v, - v, v, ))<n+1.

. g

294>




v i ." e & 4

ok, Llﬁear dependence and lﬁaep%ﬂw Ofk‘eCthﬁ/ “’\ o
..,'i, '

4('

Determining linear independence

Forn+1,ifv,, ..., v, are linearly independent then by
assumption, rank( ') = n.

Suppose we add another vector v, ,, into the collection.

Now, rank( V' v, , ) must equal either n orn + 1.

[frank( Vv, ,, )=n=rank( V'), then there is a unique
solutionto ov,+ -+ v, =V, . ,s0V,, depends

on the first n vectors, and rank( (v, - v, v ,))=n#n+ 1.

[frank( V':v, ., )=n+ 1, then there 1s no solution to
ov,++av, =v, . s0V, ., 1s independent of the first n
vectors.

Thus, the vectors vy, ..., v,, v, are linearly independe% ’,
and rank( (v, == v, v _.))=n+1. 1 2 N
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Determining linear independence

Theorem

A collection of n vectors v,, ..., v, in R” where m <n is
never linearly independent.

Proof:

The maximum rank of an m x n matrix V'is min{m, n},
and if m <n then rank(V) <n

Thus, it is impossible for rank(V) =n. &

&
A
294>



T

e - by . % 4 ot - L uh LS - 5 . W e . - _ O - b o "
. TR G O Ul iy - OV Y e £, Y\ gl oV T A e
’ SRR . A (SR [, o Linrear dependence and 11Taepe'weﬁ,f€;e, o-f&;ecto_rﬁ. /ﬁ"ﬁ'b&

'

Determining linear independence

Theorem

A collection of n vectors v, ..., v, in R” is linearly independent if
and only if the only solution to

ov,+-+av,=0
is the trivial solution.
Proof:
The matrix Vis an m x n matrix.
Consider solving (V: 0,.).
If rank(7 i 0) = n, then there is a unique solution,
and that unique solutionis ¢, = --- = a, = 0.
If rank(V : 0) < n, then there is at least one free variable,
and so there are infinitely many solutions. |
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Question on linear dependence
Theorem
Given a collection of n vectors v,, ..., v, in R” that is known to be
linearly dependent, then there is a first vector v, that linearly depends on
the first k — 1 linearly independent vectors.
Proof:

The matrix ¥ must have rank( V') <n.
Thus, there is at least one free variable if we were solving (V': 0).
Find a row-equivalent matrix in row-echelon form.

From our algorithm, there is a first column that does not contain
a leading non-zero entry.

[f it is the first column, that column must be the zero vector,
which is not linearly independent.

.
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Question on linear dependence

Otherwise, there is another first column that does not contain
a leading non-zero entry: let that be Column k.

!

o ? 212 2 2 2 o ? ? o ? 219
0o ?2 2 2 2 2 0 o ? 0o ??
0 0 o 2 2 2 2 0 0 o OODE?
00 0 0o 2 ? 0 0 0 0 0 0 0
10 0 0lo 0 o 2 Vi)~ o o 0000
000000 0 0 0 0 0000
00 0O0O0O 0O 00 0 0000
000,00 00 0 0 0 00 0:0

Now, given the first £ — 1 vectors,
the matrix (v, :+- v, ;) must have rank k£ — 1.

Thus, the augmented matrix (v, --- v, , : v,) must also have rank & — 1.

Therefore, there is a unique solution for v, as a linear
combination of the first k — 1 linearly independent vectors. il
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Summary

* Following this topic, you now

— Understand when and how to determine if a vector depends on a
given collection of vectors

— Know the definition of the rank of a matrix

— Understand what 1s a linearly dependent and what is a linearly
independent set of vectors

— Understand that a collection of n vectors 1s linearly independent 1f
and only the rank of the corresponding matrix is also n

— Are aware that, for example 5 vectors in R* can never be linearly
independent

— Are aware that, given n linearly dependent vectors, we can find a first
vector that linearly depends on the previous linearly independent
vectors P
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Colophon

These slides were prepared using the Cambria typeface. Mathematical equations
use Times New Roman, and source code is presented using Consolas.
Mathematical equations are prepared in MathType by Design Science, Inc.

Examples may be formulated and checked using Maple by Maplesoft, Inc.

The photographs of flowers and a monarch butter appearing on the title slide and
accenting the top of each other slide were taken at the Royal Botanical Gardens in
October of 2017 by Douglas Wilhelm Harder. Please see

https://www.rbg.ca/

for more 1nformat10n
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Disclaimer

These slides are provided for the NE 112 Linear algebra for
nanotechnology engineering course taught at the University of
Waterloo. The material in it reflects the authors’ best judgment in
light of the information available to them at the time of preparation.
Any reliance on these course slides by any party for any other
purpose are the responsibility of such parties. The authors accept
no responsibility for damages, if any, suffered by any party as a
result of decisions made or actions based on these course slides for
any other purpose than that for which it was intended.
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